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ABSTRACT 

β-casein undergoes a reversible endothermic self-association, forming protein micelles of 

limited size. In its functional state, a single β-casein monomer is unfolded, which creates a high 

structural flexibility, supposed to play a major role in preventing the precipitation of calcium 

phosphate particles. We characterize the structural flexibility in terms of nano-second 

molecular motions, depending on the temperature by quasi-elastic neutron scattering. Our 

major questions are: Does the self- association reduce the chain flexibility? How does the 

dynamic spectrum of disordered caseins differ from a compactly globular protein? How does 

the dynamic spectrum of β-casein in solution differ from that of a protein in hydrated powder 

states? We report on two relaxation processes on a nano-second and a sub-nano-second time 

scale for β-casein in solution. Both processes are analyzed by Brownian Oscillator model, by 

which the spring constant can be defined in the isotropic parabolic potential. The slower 

process, which is analyzed by neutron spin echo, seems a characteristic feature of the unfolded 

structure. It requires bulk solvent and is not seen in hydrated protein powders. The faster 

process, which is analyzed by neutron backscattering, has a smaller amplitude and requires 

hydration water, which is also observed with folded proteins in the hydrated state. The self-

association had no significant influence on internal relaxation, and thus a β-casein protein 

monomer flexibility is preserved in the micelle. We derive spring constants of the faster and 

slower motions of β-caseins in solution, and compared them with those of some proteins in 

various states; folded or hydrated powder. 

 

DISCUSSION 

Sub-diffusion of protein domains: the Brownian oscillator model 

According to Fig.6, the NSE internal relaxation time, τ1, varies with the temperature 

proportional to the solvent viscosity. In general, such a simple relation was established for the 

visco-elastic relaxation of liquids by Maxwell in 1867 (46): 

𝜏 = 𝜂 𝐺∞⁄ ,     (6) 

where η denotes the long time-scale relaxed Newtonian viscosity, and G∞ is the short 

time-scale unrelaxed elastic shear modulus. Eq. 6 applies not only to liquids but accounts also 

for the rates of ligand entry and exit reactions of a compact protein (47,48). The viscosity was 

adjusted using various glass-forming solvent mixtures, like 75% glycerol/water. At viscosities 

near 100 cP, the respective modulus yields, G∞ ~ 1011 cPs-1 (0.1 GPa) at a Maxwell relaxation 

time of τ ≈ 1ns. If stress is applied on a shorter time scale, the response is elastic, the liquid has 

turns into a glass. In low temperature studies of microscopic protein dynamics, the role of the 

α-relaxation of hydration water plays an important role (9,11). The NSE process of β-casein in 

aqueous solution, at solvent viscosities of 1 cP and τ1 ≈ 1 ns, yields G∞ ~ 109 cP/s (0.001 GPa) 



about a factor of 100 less than for viscous solvents. G∞ is closely related to the Young’s modulus 

E by 1/3 E < G∞ < ½ E. For dry β-casein powder, a Young’s modulus of 7 GPa was determined 

and 9.7 GPa for the compact β-barrel protein GFP (28). The characteristic density relaxation 

rate will thus depend on the scale, increasing with q according to ΓD(q) = Dq2. Above q = qmax 

~ 1/d, on the scale of the intermolecular distance (d), the diffusion rate levels off at the α-

relaxation rate ΓD(q > 2π/d) ~ τ-1. The liquid structural relaxation becomes q-independent and 

thus localized at high q. With protein structural relaxation one expects localized dynamics and 

thus q-independent correlation times at all q. The most popular model among neutron 

scatterers, analyzing protein residue motions, is the “diffusion inside a sphere” model (49). 

This model predicts an effective line-width, which increases with q above qS with qS = 2π/rS, 

rS being the radius of the sphere. Although the cross-over at qS was never really observed, q-

dependent effective rates were often explained by free diffusion with rigid boundaries. From 

the elastic incoherent structure factor of α-amylase, the radius of the spheres rS = 1.2 Å (native) 

and 1.8 Å (unfolded) was obtained, which leaves little space to free diffusion (50). In his more 

recent work Volino (49) votes for a continuous phenomenological “Gaussian model” with soft 

boundaries. He introduces a joint Gaussian probability distribution of a particle assuming 

different positions at two different times. Since the positions are not independent, the 

distribution is “joint” by a two-time correlation coefficient. This joint probability distribution 

has been derived before as the solution of the Smoluchovski equation of a harmonically bound 

particle (51). It is known as the Ornstein-Uhlenbeck process in the overdamped case. The 

parabolic potential of a harmonic oscillator and its Gaussian displacement distribution seems a 

plausible approximation to continuous residue motions. The latter was analysed recently by the 

Brownian oscillator (BO) model (52). The BO model is also discussed in Grimaldo et al (32). 

The BO leads to a remarkably compact time-domain intermediate scattering function, which 

can be easily applied to evaluate experimental data. The powder averaged 3D BO correlation 

function reads (52,53): 

𝐼𝐵𝑂(𝑞, 𝑡) = 𝑒𝑥𝑝{−𝑞2𝛿2[1 − 𝑒𝑥𝑝(−𝑡 𝜏𝐵𝑂⁄ )]},     (7) 

δ2 = <ux
2> denotes the x-component of variance of the isotropic 3D displacement. 

𝛿2 = 𝑘𝐵𝑇 (𝑚𝜔0
2)⁄ = 𝑘𝐵𝑇 𝐾⁄ ,       (8) 

where K is spring constant of the isotropic parabolic potential: F=K·ur
2 with <ur

2>/3 =<ux
2> = 

<uy
2> = <uz

2>. The BO relaxation time is given by τBO = δ2/DL, where DL denotes the effective 

local diffusion coefficient. At short times, t << τBO, the particle performs long range diffusion, 

<τBO>-1 = DL·q2. At long times, the BO intermediate scattering function tends to a constant, the 

elastic fraction, EISF(q)=1–A1(q) and A1(q) denotes the “quasi-elastic fraction” or the dynamic 

amplitude: 

𝐼𝐵𝑂(𝑞, 𝑡 ≫ 𝜏𝐵𝑂) = 1 − 𝐴1 = 𝑒𝑥𝑝(−𝑞2𝛿2),      (9) 

Eq.7 deviates only slightly from an exponential function, the fits to the data in Fig. 1 thus yield 

within experimental error the same parameters as those shown in Figs. 5 and 6. Accordingly, 

the q-dependence of A1(q) is rather well explained by a Gaussian distribution of displacements, 

the variance is δ1
2 ≈ 0.1 nm2. This is much larger than the diffusive displacements observed in 

folded proteins, such as δ2 ~ 0.1 Å2 in hydrated myoglobin (27). Since the relaxation time varies 

with the solvent viscosity, τ1 ~ η, as for global diffusion, it appears that the NSE process reflects 

sub-global diffusion of entire protein domains. 

Stadler et al. (31) investigated “intrinsically disordered myelin basic protein” (MBP) 

applying the same NSE method, covering the same time and q-range. These authors also 

observe a fast component (initial decay) in the intermediate scattering function. Their Fig. 3A 

strikingly resembles the β-casein data of Fig. 1. The β-casein data show a more pronounced 

fast component, possibly because the protein concentration was about 50 % larger. Moreover, 

the correlation time τ1
MBP ~ 8.4 ns overlaps with the results of Fig. 6. Fig. 5 shows that even 



the dynamic amplitudes A1(q) in these unfolded proteins are nearly identical. Thus, one can 

assume a similar nature of these processes in spite of different amino acid sequences. Stadler 

et al. (31) apply the Zimm model of random polymer chains to MBP, which is a coarse-grained 

description of flexible beads: N beads of fixed length are connected by entropic springs. It 

predicts a number of relaxation modes, the slowest mode is overall rotation (31). It neglects 

internal friction or motions that occur at length scales shorter than the beads, such as hindered 

dihedral rotations, side chain interactions and hydrogen bonding. This is the range of the NBS 

internal processes at the time scale τ2. The Zimm model and even more sophisticated 

extensions do not explain the NSE data of MBP. One has to take into account. that MBP is not 

fully unfolded, but retains a compact core and a folded secondary structure content of 44 %. 

Thus, one expects slower dynamics than for the ideal random polymer chain. This conclusion 

is supported by the index of compactness, the ratio of Rg/Rh, which is close to 0.91. A Gaussian 

chain would yield 1.5. For a compact native protein like myoglobin one obtains 0.79, close to 

the limit of a rigid sphere of (3/5)1/2 = 0.775. Fig. 3 shows that this ratio evolves for β-casein 

from 1.3 at low temperatures, mostly monomers, to 0.91 at high temperatures, after the 

formation of micelles is established. 

 

Protein spring constants, in folded and unfolded states 

Bicout and Zaccai proposed in 2001 to determine protein spring constants (K) from the 

temperature slopes of the mean squared displacements with hydrated protein powders (54). It 

was even proposed to explain the enhancement of displacements at the “the dynamical 

transition” by a softening of the protein spring constants. Above the transition, K~0.3 N/m was 

obtained for hydrated myoglobin (54). The effective vibrational spring constant of hydrated 

myoglobin was 10 N/m (9). A high temperature spring constant of hydrated myoglobin was 

recently derived by fitting back-scattering data to the BO model in the time domain: δ2
2 = 0.11 

Å2 and K = 3.8 N/m (27), much larger than the Zaccai results (54). Hydrated β-casein with a 

time constant around 100 ps yields K = 0.4 N/m (28), while for the similar NBS process in 

solution a nearly identical spring constant is derived: K= 0.38 N/m. The slow NSE process, (δ1
2 

= 0.1 nm2) is characterized by a spring constant K (1ns) = 0.04 N/m at 300 K. (eq. 8), ten times 

less than K at 100 ps obtained by NBS. Interestingly, spring constant K at 100 ps is independent 

of sample conditions, powder and solution. For MBP, Stadler et al. derive from the fast initial 

phase at 8 ns displacements similar to those of β-casein (31). The resulting spring constant of 

MBP in solution is K (300 K, 10 ns) = 0.08 N/m. This result was interpreted as the coupling of 

different protein domains. The spring constant is about a factor of two larger than K of β-casein 

at the same conditions. The spring constants as determined from the diffusion method for Taq-

polymerase and ADH are ten times smaller and overlap with the range measured with AFM 

(43,55,56). The AFM method, however, probes the protein elasticity on a much longer time 

scale (ms) than neutron scattering (ns) (55). The small spring constants derived with neutron 

scattering are thus surprising. The method by Bicout and Zaccai involves the cross-over region 

of relaxation time and instrumental resolution time, which may explain some differences. Most 

striking are the nearly identical force constants determined for the NBS relaxation of β-casein, 

hydrated and in solution, suggesting that the relevant structural process should be decoupled 

from the bulk solvent. Moreover, nearly identical values were observed for NSE process of two 

unfolded proteins in solution: β-casein and Myelin Basic Protein. These spring constants 

discussed above are summarized in Table 1. 
 
 
 
 
 



Table 1: Spring constants K determined with different instruments and methods: BZ: 

Bicout/Zaccai (54), BO: Brownian oscillator analysis, F: folded, UF unfolded, NSE/Diff: 

determined with the diffusion/structure method (43,56), BO displacements δ2 and respective 

resolution time, τ. 

 

Protein State Process δ2/Å2 τ/ps K [N/m] Reference 

myoglobin hydrated vibration 0.04 1 10 9(Doster) 

myoglobin hydrated NBS/BZ 0.04 100 0.3 54(Zaccai) 

myoglobin hydrated NBS/BO 0.11 100 3.8 27(Doster) 

MBP (F) hydrated NBS/BZ 1 100 0.185 30 

Tau (UF) hydrated NBS/BZ 1 100 0.096 30 

β-casein hydrated NBS/BO 1 100 0.4 28 

β-casein solution NBS/BO 1 100 0.4 present 

β-casein solution NSE/BO 10 1000 0.04 present 

Myelin (UF) solution NSE/BO 5 8000 0.085 31 

ADH (F) solution NSE/Diff 70 75000 5.5×10-3 43 

Taq (F) solution NSE/Diff 50 50000 8×10-3 56 

P-sel (F) solution AFM 81 ms 4×10-3 55 
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